Numerical simulations of high-angle-of-attack ows around slender bodies of revolution are carried out using four dierent numerical algorithms: a partially ux-split algorithm, the Beam and Warming algorithm in its original and diagonal forms and an algorithm combining block and diagonal forms. Comparisons of laminar ows at = 20 and = 40 reveal that the diagonal algorithm fails to conserve symmetry at high angles of attack and a spurious asymmetry is developed. The source of the spurious asymmetry has been traced, and found to be inherent to the diagonalization process.
Introduction
One of the signicant advantages in using numerical simulations to investigate stability properties of certain ows is the ability to obtain a disturbance-free base solution. This base solution can then be perturbed for parametric studies of the eect of controlled disturbances. Obviously, due to the high sensitivity of such ows to any disturbance, whatever numerical algorithm is used must be free of any kind of bias.
A good example is the use of numerical methods to simulate ows around slender bodies at high angles of attack. Since slender bodies of revolution are similar to aircraft forebodies, and are numerically and experimentally tractable, they are often chosen as generic exemplars of forebodies for numerical simulations and experiments. It has been noted that for such bodies, there is an angle-of-attack range for which minute imperfections at the tip can cause large asymmetries in the ow pattern. 1{7 This fact suggests the existence of inherent instabilities in the expected symmetric ow. This is certainly the case as the angle of attack approaches 90 since the observed Karman vortex street in the wake of the body is well known to be the result of an absolute instability of the symmetric ow. In this case, the resulting perturbed ow persists even after removal of the disturbance that initiated it. However, for ow at a lower angleof-attack range, roughly from = 30 to = 65 , experiments and computations suggest the existence of a convective instability mechanism. 8{11 For example, Degani and Tobak 8 and Williams and Bernhardt 9 have shown experimentally that a small symmetrybreaking disturbance, acting on the body's surface near the tip, is sucient to excite an asymmetric ow component which vanishes when the disturbance is removed. More recent studies support the existence of a convective instability mechanism even when it is the ow upstream of the body that is disturbed. 12, 13 Theoretical work 13 suggests that the response to an impulsive disturbance grows in accordance with the convective instability mode of behavior.
All this means that numerical simulations of such ows should give the basic symmetric solutions as long as algorithms, boundary and initial conditions, and grids are perfectly symmetric. Indeed, the rst successful achievement of a simulated fully threedimensional asymmetric ow 10, 14, 15 pointed to the necessity of perturbing the symmetric base ow by an asymmetrically disposed time-invariant disturbance. Otherwise, the ow remained symmetric even in the case of high angle of attack where experimental results showed the presence of asymmetry.
However, some results obtained later on the basis of a conical ow assumption 16, 17 showed that asymmetric conical solutions could be obtained even without perturbations, just by allowing the residual of the computation to drop below a certain value. In another case a three-dimensional solver 18 gave asymmetric solutions without the use of a perturbation. Thomas, 11 on the other hand, showed that his three-dimensional code gave a symmetric base solution as long as all boundary conditions were symmetric but when conical restrictions were imposed the solution became asymmetric. Thomas explained that the asymmetry was a result of truncation error accumulation due to the step-back procedure which is usually used to obtain a conical solution. With the exception of Thomas, the authors who have obtained asymmetric ow solutions without the imposition of a xed asymmetric disturbance have argued that the numerical algorithms they used were able to reveal the true nature of the ows by bypassing the symmetric base solution. The main argument against this notion is apparent in their solutions: Why should the solutions have sought a preferred orientation of the asymmetry? In experiments it seems clear that the reason lies in the practical fact that the body tip is never perfectly symmetric. But what about numerical codes? Why should one asymmetric solution have been selected rather than, say, the mirror image solution? Obviously, these contradicting arguments need to be resolved before numerical algorithms can be used freely to simulate high angle of attack or other types of ows that are sensitive to small disturbances.
Although some reasonable explanations may be given in an eort to resolve these questions, and they will be discussed in the Discussion and Conclusions section, the main emphasis of this paper is to show analytically and to demonstrate numerically that a typical and popular algorithm, the diagonal algorithm, 19 which looks innocent to the naked eye, contains an inherent asymmetry. This asymmetry of the algorithm, heretofore unrecognized, is bound not only to bypass the symmetric base solution, but also to produce a spurious non-physical asymmetric solution.
Theoretical Background
The three-dimensional conservation-law form of the Navier-Stokes equations in body-tting curvilinear coordinates is
where is the time and the independent spatial variables, , , and are the streamwise, circumferential, and radial coordinates, respectively. In Eq. (1) Q is the vector of dependent ow variables, mass, momentum, and energy;Ê =Ê(Q),F =F(Q), andĜ =Ĝ(Q) are the inviscid ux vectors, while the termsÊ v ,F v , andĜ v are uxes containing the viscous derivatives.
For body-conforming coordinates and ow at high Reynolds number, (with the coordinate leading away from the surface), the thin-layer approximation can be applied. By using nondimensional variables the Reynolds number Re can be factored out and Eq. (1) takes the following form 20, 21 
The equation of state is used to compute the pressure from the known ow variables. 
Setting the quantity h equal to t yields the rstorder-accurate Euler implicit form, while setting h equal to t=2 yields the second-order-accurate trapezoidal form. The operators denote central dierencing and the operator denotes a midpoint operator used in order to preserve the block tridiagonal form. 
The term J 1Mn J is the Jacobian matrix resulting from the local time linearization of the viscous vector:
In matrix form, the system of equations for a circumferential factor with periodic boundary conditions takes the form given in Eq. (A.1) of Appendix A. The solution of each of the factors of this system requires a block tridiagonal inversion. The block inversion requires twenty ve variables per grid point on each cross section and the operation count per grid point is high.
The required temporary space and the high operation count for block inversions motivated Pulliam and Chaussee 19 to develop the diagonal version of the implicit form. They used a similarity transformation 19 to diagonalizeÂ,B, andĈ
Applying the diagonalization to Eq. (3) and dropping the viscous Jacobian matrixM since it has dierent eigenvectors thanĈ, results in
By movingT ,T , andT outside of the dierence operators , , and , respectively, Pulliam and Chaussee constructed the so called \diagonal" form of the algorithm
The circumferential factor of the diagonal algorithm also can be written in the matrix form that is described in Eq. (A.2) of Appendix A.
Solution of this system requires ve scalar tridiagonal inversions for each factor instead of the block inversion because the matrices are diagonal and therefore the equations are decoupled. The inversion procedure of each factor is then the following:
1. Multiply the right hand side by the matrixT 1 . In addition to the algorithms just described, other implicit algorithms discussed here are:
1. An algorithm combining the standard and diagonalized algorithm. By using the similarity transformation to diagonalize only the streamwise and radial Jacobian matrices while maintaining the block scheme for the circumferential direction the following scheme is formed :
2. A ux-vector splitting algorithm reported by Steger et al. 24 The two-factor implicit algorithm is obtained by using upwind dierencing of the convective terms in the streamwise direction and central dierencing in the radial and circumferential directions,
All of the above-described algorithms need implicit and explicit smoothing in order to suppress numerical oscillations and instabilities. In the ux-split algorithm and the Beam and Warming algorithm, second-order implicit smoothing is adopted in order to preserve the block tridiagonal form of the equations. The diagonal algorithm contains a combination of second and fourth-order implicit smoothing. Given symmetric initial conditions, all smoothing-term contributions are symmetric.
Results
In order to provide a basis for comparison, ows were computed about a tangent ogive-cylinder using computer codes implementing the above implicit algorithms. The body had a 3.0 diameter tangent ogive forebody and a 12.0 diameter cylindrical afterbody. It was considered important to carry out the computations under ow conditions for which the results could be compared with the results of experiments. A wind-tunnel model with the same body geometry was tested by Smith and Nunn. 25 Two dierent numerical algorithms were used to simulate the ow at = 20 , the two-factor ux vector split algorithm, and the diagonal algorithm.
The ow conditions were Re D = 8:0 10 4 and M 1 = 0.2 for the diagonal algorithm simulation, and M 1 = 0.136 for the ux-split algorithm simulation. The solution obtained using the diagonal algorithm was already in hand and the Mach number for the ux-split algorithm simulation was chosen to match that of the experiment. 25 As will be shown, the Mach number has no inuence on ow asymmetry for these low subsonic ow conditions. Both solutions were characterized by the existence of two primary and two secondary vortices on the leeward side of the body with some unsteadiness in the ow about the aft part of the body. The unsteadiness is reected in oscillations of the computed normal-and side-force coecients. The normal-force coecients oscillate around mean values of C N 2:74 for the ux-split algorithm simulation and C N 2:65 for the diagonal algorithm simulation.
Both mean values compare reasonably well with an experimentally measured normal-force coecient of C N = 2:77. Figure 1 (ux-split algorithm simulation) shows the computed o-surface streamlines for Re D = 8:0 10 4 and M 1 = 0.136, and computed helicity density 26 contours on a crossow plane located at x=D = 11:4 for a dimensionless time oft = 95:0 (t = ta 1 =D). The computed o-surface streamlines and helicity density contours show that the computed ow eld is symmetric. Further comparisons of some representative values of helicity density on opposite sides of the symmetry plane show that the dierences are zero to machine accuracy. The computed circumferential surface pressure-coecient distribution at x=D = 11:4 that is shown in Fig. 2 conrms that the ow eld is symmetric close to the body surface as well as in its wake. Once again, the small dierences between results for both sides of the body are not observable. Figure 5 shows a comparison of the side-force coecient time history of the solutions obtained. As a result of the symmetric ow the side-force coecient of the solution obtained by the ux-split algorithm has oscillations of the order of machine zero for all time steps. The side-force coecient of the ow eld obtained by using the diagonal algorithm has oscillations of 0:002. Those oscillations do not die away even after a dimensionless time oft = 424:0. The origin of the dierences in the orders of magnitude of side-force coecient oscillations could be attributed either to dierences in code accuracy or to asymmetry in the diagonal algorithm.
Recent study on the eect of geometrical disturbance on vortex asymmetry by Degani 10 shows that in the angle-of-attack range of 0 < < 30 the introduction of a symmetry-breaking disturbance near the tip of the body has only a small eect on the symmetry of the ow. Furthermore, the study shows that in the angle-of-attack range of 30 < < 50 the ow-eld sensitivity to geometrical disturbances is larger and an asymmetric ow eld with a large side force is developed once the disturbance is introduced. Resolving the question of the origin of the asymmetry requires then that a computation of a ow eld be carried out for an angle of attack higher than 20 . An angle of attack = 40 was chosen.
Ogive-Cylinder Flow at = 40
Four dierent algorithms were used in this case: the ux-split algorithm, the diagonal algorithm, the Beam and Warming standard algorithm with the exclusion of the viscous Jacobian matrix from the left-hand side, and an algorithm using diagonalization only in the streamwise and radial directions as described in Eq. (10). By not including the viscous Jacobian matrix in the left-hand side of the Beam and Warming algorithm, the only dierence between it and the diagonal version was the diagonalization, making the latter the only possible reason for dierent results. The reason for the discrepancy is the dierence of the asymmetry levels between the results of computations and the experiment. The computational results (obtained with symmetric boundary conditions) were symmetric while the experimental results exhibited asymmetric ow. Experimental results presented by Lamont 6 show that the normal-force coecient is a function of the roll angle, and therefore of the asymmetry level, thus providing a possible explanation for the dierences.
The side-force-coecient time-history of the results obtained by the diagonal algorithm are presented in Fig. 10 . The ow conditions were identical to those of the solution obtained by using the original Beam and Warming algorithm. In contrast to the = 20 case, the side force oscillations are relatively large. At one point of the computation (t = 164) the side-force coecient reaches a value of C Y 1:07. Figure 11 shows the computed o-surface streamlines and computed helicity density contours for the cross section at x=D = 11:4 at timet = 164. The computed o-surface streamlines show a little asymmetry especially in the wake around the aft part of the body. The helicity density contours show some asymmetry near the body surface; in particular, the secondary vortices dier in shape and strength. One would expect that since the asymmetry in the wake is relatively small the resulting side force would also be small, but the time-history of the side-force coecient shows the contrary. The size of the side-force coecient indicates that although the asymmetry in the wake is small, the wall values of the ow variables (especially the surface pressure coecient) dier by large amounts between points on either side of the symmetry plane. Figure 12 shows the computed circumferential surface pressure coecient distribution for the cross section at x=D = 11:4. The dierences are more evident from that gure. The strengths of the suction peaks created by primary and secondary vortices dier substantially. Moreover, an extra suction peak appears on one side of the body and the surface pressure behavior indicates the existence of other spurious secondary structures. The fact that a rather large pressure dierence exists between both sides of the body even though the apparent dierence between the vortices is small stands in contradiction to the general belief that the large side forces are generated by the large dierences in the vortices and cries out for an explanation. The discussion section contains an analysis of the algorithms and points to the dierences that cause the spurious asymmetry.
In order to locate the origin of the asymmetry, another computation was conducted. The hybrid algorithm described in Eq. (10), was used with the ow conditions set at Re D = 8:0 10 4 and M 1 = 0.2. The motivation was the assumption that the diagonalization of the circumferential factor was the lone cause of the asymmetry. The development of the side force and the small asymmetry of the wake were delayed but the trends were similar indicating that every one of the diagonalized factors contributes to the error.
Following the procedure recommended by Degani, 10 a geometrical disturbance was added near the nose tip of the model and a computation using the ux-split algorithm was continued from a converged solution. Figure 13 shows the side-force coecient time-history. The side-force coecient departs from zero and after a few oscillations, reaches an equilibrium state con- Figure 14 shows the computed o-surface streamlines and computed helicity density contours. The asymmetry is large and resembles that observed in experiments. 2, 4, 5, 7 Figure 15 shows the computed circumferential surface pressure coecient distribution for the cross section at x=D = 11:4. In contrast to the behavior of the solution obtained using the diagonal algorithm (Fig. 12) , the pattern of the surface pressure distribution reects the asymmetry in the wake and the peaks reect the eects of the primary and secondary vortices.
Discussion and Conclusions
The fact that results obtained by dierent computer codes contain dierences is not surprising. The dierences emerge primarily from the dierent algorithms implemented in the codes. For example the right-hand side of the ux-split algorithm is dierent than the other algorithms used in the current work. Other dierences may be the result of the dierent smoothings used for stability.
If one adopts the assumption used by Pulliam and Chaussee 19 that the steady-state solution is unique and is determined by the right-hand side of the algorithm only, and if the explicit smoothing is also identical, the converged solutions should show no substantial dierences between each other. The diagonal algorithm results and the original Beam and Warming algorithm results were obtained by using the exact-same code with identical right-hand sides. The only dierences were on the left-hand side due to the dierent inversion methods. In contrast with the above-mentioned assumptions, the results obtained for high-angle-of-attack ows around slender bodies using a code implementing the diagonal algorithm were dierent in nature from the results obtained by using the Beam and Warming algorithm or the ux-split algorithm. The most signicant dierence was the existence in the former results of a rather large asymmetry while using a symmetric grid, symmetric boundary conditions, and no geometrical perturbations. While the dierences between ux-split algorithm results and the diagonal algorithm results could be attributed to the large dierences between the algorithms, the dierences between the diagonal algorithm and the original Beam and Warming results indicate that for high angle-of-attack ows the assumption that the solution depends only on the right-hand side does not hold.
The asymmetry developed by using the diagonal algorithm shows that the left-hand side of the algorithm aects the results at high-angle-of-attack regimes where asymmetry was experimentally observed. At moderate angles of attack, ( 20 ) , the asymmetry as well as the side-force-coecient associated with it are small, and the solutions obtained are comparable to experimental results or solutions obtained with other algorithms. At higher angles-ofattack, ( 30 ), the asymmetry is large enough to be detected and the side force is of the order of the normal force, but the solution fails to conform to the experimentally observed pattern of vortices that leave the body from alternate sides and curve away from the body to virtually align with the free stream. 2 Previous simulations for laminar and turbulent ows 10, 27 showed that for the higher angle-of-attack regime a geometrical perturbation was required in order to achieve asymmetry similar to that observed in experiments, and that the asymmetrical ow returned to a symmetric state when the perturbation was removed. On that basis it was suggested that the instability was of the convective type.
All the above results suggest that the diagonalization process breaks the symmetry-preserving properties of the original Beam and Warming algorithm and thus initiates an asymmetry in the ow that is spurious. The easiest way to show how those properties are lost is to compare Eqs. (A.1) and (A.3) in Appendix A. Equation (A.1) yields solutions for the circumferential factor of the original Beam and Warming algorithm while Eq. (A.3) yields solutions for the circumferential factor of the diagonal algorithm. The periodic block tridiagonal matrices in the equations dier. In order to explore the dierences one needs to write the elements of the Jacobian matrices and their eigensystems, namely eigenvalues and eigenvectors (, andT). Denoting the elements ofB in Eq. (B.1) in Appendix B asb ij , one can see that for all elements i 6 = 3 or j 6 = 3b ij are odd functions with respect to the symmetry plane (b 33 is odd as well), while the rest of the elements are even functions. One expects that the eigensystems would behave in the same manner but this is not the case for either orT. As is easily seen from Eqs. ). This kind of dierence repeats itself and prevents the solution from maintaining its symmetry. Moreover, the lack of a systematic pattern of odd and even functions in the eigenvector matrix further prevents the algorithm from preserving symmetry. A detailed analysis of all three factors as well as an analysis of the ux-split algorithm can be found in Ref. 28. Every time an inversion is performed, in any cross section, at any radial distance from the body, and in each of the 3 factors, there is a small asymmetric error that is introduced. The presence of that numerical error aects dierent ows in dierent ways. In low-angle-of-attack ows the behavior of the error is similar to that of round-o error and does not grow. For high-angle-of-attack ows where phenomena like convective instability exist, the error behaves like a distribution of geometrical perturbations that change their position between time steps and that extend to all of the ow eld as opposed to being located only on the body. As a result, the developed ow eld becomes asymmetric in the absence of a real geometrical perturbation but the asymmetric pattern that emerges fails to conform to the pattern observed in experiments. It is in fact spurious.
The analyses of the symmetry-preserving properties of the diagonal form and the original form of the Beam and Warming algorithm provide a clear explanation for the results presented in this work. It was demonstrated that a certain algorithm, in this case the diagonal algorithm, contains an inherent bias that triggers a spurious asymmetric ow. This fact should alert researchers who use numerical algorithms that include diagonalization for the simulation of sensitive ows to the possibility of similar biases. It should also encourage a search for possible numerical biases in other innocent-looking algorithms that produce solutions with preferred orientations without the introduction of disturbances. 
Appendix B Circumferential Jacobian Matrix and its Eigensystem
The elements of the Jacobian matrixB appearing in Eqs. (3) and (5) 
